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A covariant canonical gauge theory of gravity free from torsion is studied. Using a metric conjugate momen-
tum and a connection conjugate momentum, which takes the form of the Riemann tensor, a gauge theory of
gravity is formulated, with form-invariant Hamiltonian. Through the introduction of the metric conjugate mo-
menta, a correspondence between the Affine-Palatini formalism and the metric formalism is established. For,
when the dynamical gravitational Hamiltonian H˜Dyn does not depend on the metric conjugate momenta, a metric
compatibility is obtained from the equation of motions and the energy momentum is covariant conserved. When
the gravitational Hamiltonian H˜Dyn depends on the metric conjugate momentum, an extension to the metric com-
patibility comes from the equation of motion and the energy momentum covariant conservation is violated. For
a sample of the H˜Dyn which consists of a quadratic term of the connection conjugate momentum, the effective
Lagrangian has the Einstein Hilbert term with a quadratic Riemann term in the second order formalism.
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INTRODUCTION
General Relativity is one of the well tested theories in
physics, with many excellent predictions. A search of a rigor-
ous derivation of General Relativity on the basis of the action
principle and the requirement that the description of any sys-
tem should be form-invariant under general space time trans-
formations has been constructed in the framework of the Co-
variant Canonical Gauge theory of Gravity.
The Covariant Canonical Gauge theory of Gravity [1, 2] is
formulated within the framework of the covariant Hamiltonian
formalism of classical field theories. The latter ensures by
construction that the action principle is maintained in its form
requiring all transformations of a given system to be canon-
ical. The imposed requirement of invariance of the original
action integral with respect to local transformations in curved
space time is achieved by introducing additional degrees of
freedom, the gauge fields. In the basis of the formulation
there are two independent fields: the metric gαβ, which con-
tains the information about lengths and angles of the space
time, and the connection γλαβ, which contains the informa-
tion how a vector transforms under parallel displacement. In
this formulation, these two fields are assumed to be indepen-
dent dynamical quantities in the action and referred to as the
Affine-Palatini formalism (or the 1st order formalism).
The basic equation of motion that was calculated from an
action with non-zero torsion — which was set to zero sub-
sequently. As was discussed in [3], this formulation differs
from the standard 1st order formalism, which does not include
torsion right from the outset, and hence assumes the connec-
tion to be symmetric. The standard 1st order formalism has
a special feature: the covariant derivative of the gravitational
energy momentum tensor is not necessarily covariantly con-
served [4], while for the 2nd order formalism the metric en-
ergy momentum tensor is always covariantly conserved. In
this paper we investigate the complete zero-torsion equation
of motion for the covariant canonical gauge theory of gravity
and show the impact on the energy momentum conservation:
For a theory with a metric compatibility, the energy momen-
tum tensor is covariantly conserved even the starting point is
the affine 1st order formalism, which does not enforce a co-
variant conservation of the stress energy momentum tensor. If
the theory breaks the metric compatibility, a violation of the
energy momentum covariant conservation could ensue.
A BASIC FORMULATION
The Covariant Canonical Gauge theory of Gravity is a well
defined formulation derived from the canonical transforma-
tion theory in the covariant Hamiltonian picture of classical
field theories [1]. It identifies two independent fundamental
fields, which form the basis for a description of gravity: the
metric gαβ and the connection γλαβ. In the Hamiltonian de-
scription, any fundamental field has a conjugate momentum:
the metric conjugate momentum is k˜αλβ and the connection
conjugate momentum is q˜ αξβη :
S =
∫
R
(
k˜ αλβ gαλ,β − 12 q˜ αξβη γηαξ,β − H˜0
)
d4x (1)
where the “tilde” sign denotes a tensor density, which multi-
plies the tensor with
√−g. As the conjugate momentum com-
ponents of the fields are the duals of the complete set of the
derivatives of the field , the formulation is referred to as “co-
variant canonical”. A closed description of the coupled dy-
namics of fields and space-time geometry has been derived in
[1], where the gauge formalism yields:
S =
∫
R
(
k˜ αλβ gαλ;β − 12 q˜ αξβη Rηαξβ − H˜Dyn(q˜, k˜, g)
)
d4x (2)
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2As a result of the gauge procedure, all partial derivatives of
tensors in Eq. (1) reappear as covariant derivatives. The partial
derivative of the (non-tensorial) connection changes into the
tensor Rηαξβ, which was shown to be the Riemann-Christoffel
curvature tensor:
Rηαξβ =
∂γ
η
αβ
∂xξ
−
∂γ
η
αξ
∂xβ
+ γταβγ
η
τξ − γταξγητβ. (3)
The “dynamics” Hamiltonian H˜Dyn — which is supposed to
describe the dynamics of the free (uncoupled) gravitational
field — is to be built from a combination of the metric con-
jugate momentum, the connection conjugate momentum, and
the metric itself.
A CORRESPONDENCE BETWEEN THE 1st AND THE 2nd
ORDER FORMALISM
In addition to the foundations of the gauge theory of gravity,
it turned out that the part of the action: k˜αβγgαβ;γ, which con-
tains the metric conjugate momentum, has a strong impact as
a connector between the affine-Palatini formalism (or the 1st
order formalism) and the metric formalism (or the 2nd order
formalism):
L(g, γ) 1order + kαβγgαβ;γ ⇔ L(g) 2order (4)
In the 1st order formalism, one assumes that there are two
independent fields: the metric gµν and the connection γµαβ. In
contrast to that, in the 2nd order formalism the connection is
assumed to be the Levi Civita or Christoffel symbol:
γ
ρ
µν =
{
ρ
µν
}
=
1
2
gρλ(gλµ,ν + gλν,µ − gµν,λ) (5)
and appears in the action directly in this way. In general, only
for Lovelock theories [5], which includes Einstein Hilbert ac-
tion, both formulations will yield the same equations of mo-
tion and the connection will be in both cases the Christoffel
symbol [6].
In Ref [7], it was proved that for any general action which
starts in the 1st order formalism in addition to the term
kαβγgαβ;γ the energy momentum tensor will be the same as it
would be calculated in the 2nd order formalism. The main rea-
son for that correspondence is the metric compatibility con-
straint. The variation with respect to kαβγ gives the metricity
condition:
gαβ;γ = 0 ⇒ γρµν =
{
ρ
µν
}
, (6)
which cause the connection to be the Christoffel symbol. The
variation with respect to the connection gives the tensors:
δ
δγ
ρ
µν
kαβγgαβ;γ = −kαµνgρα − kανµgρα (7)
with a symmetrization between the components µ and ν. The
variation with respect to the metric is:
δ
δgµν
kαβγgαβ;γ = −kµνλ;λ. (8)
Because of the new contribution to the field equation kµνλ;λ,
the complete field equation will contains additional terms
which make the first order field equations to be equivalent to
the field equation under the second order formalism. Indeed,
isolating the tensor kµνλ and inserting it back into Eq. (8) gives
the relation:
∂L(κ)
∂gσν
=
1
2
∇µ
(
gρσ
∂L(κ)
∂γ
ρ
µν
+ gρν
∂L(κ)
∂γ
ρ
µσ
− gρµ ∂L(κ)
∂γ
ρ
νσ
)
(9)
where L(κ) = kαβγgαβ;γ. The terms in the right hand side rep-
resents the additional terms that appear in the second order
formalism. One option for obtain the contributions into the
field equation is to solve kαβγ. The direct way is by using this
equation, that gives the new contributions for the second or-
der formalism into the field equation, from the variation with
respect to the connection γρµν. An application for this corre-
spondence is from the Covariant Canonical Gauge theory of
gravity action (2).
THE STRESS ENERGYMOMENTUM TENSOR
As was discussed in [4], in the 1st order formalism the stress
energy momentum tensor does not have a covariant conser-
vation, in contrast to the 2nd where the gravitational stress
energy momentum tensor is covariantly conserved for all ac-
tions. From the correspondence between the 1st and the 2nd
order formalisms theorem, we obtain a basic link between the
dependence of the HDyn with the metric conjugate momen-
tum k˜αβγ and the conservation of the metric energy momentum
tensor. In the first case, HDyn does not depend on the metric
conjugate momentum k˜αβγ:
S A =
∫
R
(
k˜ αλβ gαλ;β − 12 q˜ αξβη Rηαξβ − H˜Dyn(q˜, g)
)
d4x (10)
A variation with respect to the metric conjugate momentum
k˜αβγ gives the metric compatibility condition. According to
the theorem (4) the gravitational energy momentum tensor is
the same as the gravitational energy momentum tensor in the
second order formalism, which promise the covariant conser-
vation of this gravitational energy momentum tensor:
∇µGµν(A) = 0 , Gµν(A) = −
2√−g
δS˜A
δgµν
(11)
In the second caseHDyn does depend on the metric conjugate
momentum k˜αβγ:
S B =
∫
R
(
k˜ αλβ gαλ;β − 12 q˜ αξβη Rηαξβ − H˜Dyn(q˜, k˜, g)
)
d4x (12)
3FIG. 1. A flowchart that summarizes the link between the formulation of the theory to covariant conservation of the stress energy momentum
tensor, where k is the conjugate momentum of the metric.
A variation with respect to the metric conjugate momentum
k˜αβγ breaks the metric compatibility condition, and according
to the [4], the gravitational stress energy tensor does not have
to be covariantly conserved. This basic framework is not a
special feature only for the Covariant Canonical Gauge The-
ory of Gravity, but leads to a fundamental correlation for many
options forHDyn. In Fig. (1), we summarize the link between
the formulation of the theory and the covariant conservation
of the stress energy momentum tensor.
COUPLED ACTIONWITH MATTER
In analogy to the definition of the metric energy-momentum
tensor density of the given system Hamiltonian, the metric
energy-momentum tensor density is being define as the varia-
tion of the L˜m with respect to the metric:
T µν = − 2√−g
∂L˜m
∂gµν
(13)
Therefore the complete action takes the form:
S =
∫ [
k˜αβγgαβ;γ − 12 q˜
αβγ
λ R
λ
αβγ − H˜dyn(q˜, k˜, g) + L˜m
]
d4x
(14)
The variation with respect to the metric conjugate momenta:
gαβ;γ =
∂H˜Dyn
∂k˜αβγ
(15)
which presents the existence of non-metricity ifHDyn depends
on kαβγ. The second variation is the variation with respect to
the connection:
−
(
k˜αµν + k˜ανµ
)
gαρ =
1
2
∇β
(
q˜ µβνρ + q˜
νβµ
ρ
)
, (16)
which contracts the relation between the momenta of the met-
ric and the connection. The third variation is with respect to
the connection conjugate momentum q˜ µνρσ , which gives:
∂H˜Dyn
∂q˜ µνρσ
= −1
2
Rσµνρ (17)
If H˜Dyn is not depend on q˜, the Riemann tensor will be zero.
Therefore the contribution for the stress energy tensor comes
from the Dynamical Hamiltonian and from the metric conju-
gate momenta:
T µν = gµν(kαβγgαβ;γ − 12q
αβγ
λ R
λ
αβγ)
−2kµνγ;γ + 2√−g
∂H˜Dyn
∂gµν
(18)
From the variation with respect the connection (16), the value
of the momentum k˜αβγ. As an example, we consider a Dy-
namical Hamiltonian which has no dependence with the met-
ric conjugate momentum.
SAMPLE H˜dyn WITHOUT BREAKING METRICITY
In order to see implication for those abstract theorems about
the covariant conservation of the metric energy momentum
tensor, our starting point is a dynamical Hamiltonian with the
connection conjugate momentum up to the second order, with-
out a dependence on the metric conjugate momentum:
H˜dyn = 14g1 q˜
αβ
η q
ητλ
α gτgβλ − g2 q˜ ατβη gαβδητ + g3 √−g (19)
This Hamiltonian was investigated in [8] under the original
formalism for non-zero torsion (which is finally set to zero),
and led to resolving the cosmological constant problem. In
our case, assuming that there is no torsion, the formalism de-
mands that the energy momentum tensor is covariantly con-
served, as is supposed to be in the second order formalism.
4The variation with respect to the metric conjugate momenta
k˜αβγ give the the metricity condition:
gαβ;γ = 0 ⇒ γλαβ =
{
λ
αβ
}
(20)
The variation with respect to the connection conjugate mo-
menta q˜ µνρσ gives
qηαβ = g1
(
Rηαβ − Rˆηαβ
)
(21)
where:
Rˆηαβ = g2
(
gηgαβ − gηβgα
)
(22)
refers to the ground state geometry of space-time which is the
de Sitter (dS) or the anti-de Sitter (AdS) space-time for the
positive or the negative sign of g2, respectively. The last vari-
ation is with respect to the metric. In order to isolate the tensor
kµνγ one can use the following process: First, we multiply by
the metric gρσ and sum over the index σ:
− k˜σµν − k˜σνµ = 1
2
∇α (q˜ σµαν + q˜ σναµ) (23)
Switching the indices σ↔ ν:
− k˜νµσ − k˜νσµ = 1
2
∇α (q˜νµασ + q˜νσαµ) (24)
and the indices µ↔ ν:
− k˜µνσ − k˜µσν = 1
2
∇α (q˜µνασ + q˜µσαν) (25)
gives a new combination of the kαβγ tensor. By summing the
Eqs. (23) + (24) − (25), the isolated value gives:
− k˜σνµ = 1
2
∇α (q˜σµαν + q˜νµασ) (26)
Therefore, the contribution for the stress energy momentum
comes from the covariant derivative of (26):
T µν = −1
2
gµνq αβγλ R
λ
αβγ
+ ∇γ∇α (qµγνα + qνγµα) + 2√−g
∂H˜Dyn
∂gµν
(27)
By plugging in the explicit value of the Dynamical Hamilto-
nian, the stress energy momentum tensor takes on the form:
Tαβ =
1
g1
[
qβξηλq
ηξλα − 1
4
gαβ(qξηλτqηξλτ)
]
− g2
(
q αηβη + q
βηα
η
)
+ g3 + ∇µ∇ν
(
qαµβν + qβµαν
)
.
(28)
Plugging in the value of the tensor qαβγδ from Eq. (21) gives
the result:
T µν =
1
8piG
Gµν + g1Qµν + g1S µν + gµνΛ (29)
where the tensor:
Gµν = Rµν − 1
2
gµνR (30)
is the Einstein tensor, and
Qµν = RµαβγRναβγ −
1
4
gµνRαβγδRαβγδ, (31)
is an additional quadratic Riemann term,
S µν = (∇α∇β + ∇β∇α)Rµανβ, (32)
while the last part is the derivative of Riemann tensor. The
coupling constants relate to the physical quantities with the
relations:
g1g2 =
1
16piG
, 6g1g22 + g3 =
Λ
8piG
(33)
This stress energy momentum tensor is exactly the same met-
ric energy momentum tensor if our starting point was the ef-
fective Lagrangian:
L = g1RαβγδRαβγδ − 116piG (R − 2Λ) (34)
and the stress energy momentum tensor is the same stress en-
ergy momentum tensor for this Lagrangian in the second order
formalism. Because of this fact, we conclude that the stress
energy tensor is covariantly conserved:
∇µT µν = 0 (35)
as promised for any action in the second order formalism.
This result coincides with the condition we formulated before
(11). One from the big benefits of this formulation is com-
mon in many gauge theories of gravity [9], where the starting
point is with additional variables with no higher derivatives in
the action, and the equations of motion are equivalent to ac-
tions with higher derivatives of metric. In this specific case,
the starting point is with the quartic momentum q and at the
end is equivalent to an action with quadratic Riemann term.
The hyperbolicity of the quadratic Riemann term discussed in
[10].
DISCUSSION
In this paper we investigated the formulation of the covari-
ant canonical gauge theory of gravity free from torsion. Dif-
feomorphisms appear as canonical transformations. A ten-
sor field which plays the role of the canonical conjugate of
the metric is introduced. It enforces the metricity condition
provided that the “Dynamics” Hamiltonian does not depend
on this field. The resulting theory has a direct correspon-
dence with our recent work concerning the correspondence
between the first order formalism and the second order for-
malism through the introduction of a Lagrange multiplier field
which in this case corresponds with the field that is used to
5provide the metric with a canonically conjugate momentum.
The procedure is exemplified by using a “Dynamics” Hamil-
tonian which consists of a quadratic term of the connection
conjugate momentum. The effective stress energy momen-
tum tensor that emerged from the canonical equations of mo-
tion were equivalent to Einstein Hilbert tensor in addition to
quadratic Riemann term.
In the future, other combinations for the “Dynamics”
Hamiltonian should be investigated. A test particle with a
non-metricity or a formulation which uses a torsion (without
set it to zero) has to be studied. A vacuum solution with a
spherically symmetric feature could be also solved and pre-
dicts a different scenarios for black holes.
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